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SUMMARY 
Commercial demand for lightweight concrete (LWC) has increased tremendously in 
recent years because of its inherent advantages over conventional concrete in a variety 
of structural applications.  There is still, however, relatively little knowledge about the 
constitutive modeling of LWC. Existing concrete constitutive models have been 
proposed for normal weight concrete (NWC), but some of them contain too many 
parameters which cannot be obtained by conventional tests easily.  Consequently, the 
constitutive modeling investigation is still a topic of great interest, even for NWC.  In 
this study, a plastic-damage constitutive model for LWC as well as NWC is proposed 
and its numerical algorithm is developed and successfully implemented.  In addition, 
experimental investigation is carried out to obtain the necessary material parameters 
and to verify the applicability of the proposed model.  
 
The new plastic-damage constitutive model applicable to LWC and  NWC is based on 
both continuum damage mechanics and plasticity theories.  Two damage variables are 
used to represent tensile and compressive damage independently.  The effective stress 
is computed in the Drucker-Prager multi-surface plasticity framework.  The stress is 
then computed by multiplication of the damaged part and the effective part.   
 
The proposed model is coded as a user material subroutine and incorporated in a finite 
element analysis software, ABAQUS. The constitutive integration algorithm is 
implemented by adopting the operator split involving elastic predictor, plastic 
corrector and damage corrector.  For the elastic-predictor-plastic-corrector part, the 
numerical integration is performed by the backward-Euler scheme.  The multi-surface 
 viii 
return mapping algorithm is employed to update the effective stress and the Jacobian 
matrix in each time increment.  Viscosity was introduced to regularize the plastic-
damage model when the algorithm is unconvergent due to strain softening.  Three user 
material subroutines (UMAT) for the proposed model are developed for the plain 
stress element, axisymmetric element and solid element used in the static and dynamic 
finite element analysis.  The numerical study shows that the algorithm is efficient and 
robust in the finite element analysis. 
 
Experimental investigation is conducted to verify the proposed model involving both 
static and dynamic tests.  Static tests include the uniaxial compressive tests, splitting 
tests, and three-point notched beam bending tests. Dynamic tests include impact tests 
performed by using drop-weight system.  The very good agreement between the 
numerical results and experimental results demonstrates the capability of the proposed 
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In recent years, new generations of concrete have been developed to meet various 
requirements, such as high performance concrete (HPC), self-compacting concrete 
(SCC), reactive powder concrete (RPC), sandless concrete (SC) and lightweight 
concrete (LWC).  In particular, lightweight concrete (LWC) is now widely used in 
many applications.  It provides high strength-to-weight ratio and is ideal for long span 
structures, super high buildings and offshore floating structures.  For example, in 
Norway, LWC has been successfully used in offshore structures for oil drilling 
platforms, storage tanks and vessels (Clark, 1993; ACI 318-02, 2004).  The light 
weight also results in lesser inertia force in seismic events.  Other advantages of LWC 
include good thermal insulation, sound insulation and fire resistance  (ACI Committee 
213, 2003). 
 
For design and analysis of such structures, numerical methods are often used, among 
which the finite element is the most commonly adopted method.  Analysis of a 
structural engineering problem by FEM is based on solution of sets of equilibrium 
equations and a kinematically admissible displacement field.  All these static and 
kinematical parts are independent of each other and to link them together, material 
constitutive models are required since finite element equilibrium equations contain the 
displacement and strain-displacement matrices plus the constitutive matrix of the 




material.  The validity of the numerical results of FEM depends largely on accurate 
material constitutive models which are used at two stages of the FEM: the evaluation 
of stresses and the evaluation of tangent stress-strain matrices (Bathe, 1996).  The 
stresses are used in the calculation of the nodal point load vectors and the nonlinear 
strain stiffness matrices.  The tangent stress-strain matrices are used in the calculation 
of the linear strain stiffness matrices.  Thus, research on constitutive relation is 
essential to the analysis and design of LWC as well as normal weight concrete (NWC) 
structures. 
 
Concrete is primarily a composite material composed of aggregates embedded in a 
hard matrix of material (cement or binder) that fills the space between the aggregates 
and glues them together.  Therefore, many researchers (Wu, 1985; Krajcinovic and 
Fanella, 1986; Sumarac and Krajcinovic, 1987) used micromechanics to model micro-
crack growth in the original brittle bodies based on the properties of the constituents 
alone.  Ju (1989) pointed out , however, that a purely micromechanical theory cannot 
replace a properly formulated phenomenological modelling theory due to its intrinsic 
complexity and the huge computational power required.  Consequently, the 
phenomenological model on macromechanical scale provides an attractive means for 
numerical modelling and analysis of concrete structures without the need of detailed 
microstructure modelling of material.  Although there are numerous constitutive 
models proposed for NWC on macromechanical scale, there is insufficient research on 
constitutive modelling of LWC particularly since LWC is a relatively new material.  
With the present state of development of computer programs related to FEM, 
inadequate modelling of LWC is a factor limiting the use of LWC in routine use.  It is 
therefore important to investigate constitutive modelling of LWC in the framework of 




continuum mechanics since constitutive relation forms the weakest link of the 
structural analysis chain. 
 
1.1 Background 
In early days when computers were not readily available, concrete structure analysis 
was typically confined only to the scope of linear elasticity.  The main disadvantage of 
the linearly elastic theory when applied to concrete is its deviation from reality because 
of the significant non-linearity of concrete constitutive relationship.  Therefore, with 
the development of higher buildings and larger span structures, the results of linear 
elastic analysis of these structures led to significant errors.  Thus, formulation of 
nonlinear constitutive relationship of concrete becomes necessary. 
There have been many attempts to model the constitutive behaviour of concrete.   So 
far, theories based on different branches of mechanics have been applied on the 
formulation of concrete constitutive relation.  A number of distinct approaches adopted 
in modelling concrete have been attempted in the past including: elasticity theory, 
classical plasticity theory, endochronic theory, fracture mechanics, continuum damage 
mechanics (CDM) model and mixed (hybrid) models.  Among these, the more popular 
models are based on plasticity, fracture mechanics and continuum damage mechanics 
(CDM). 
 
Historically, plasticity was originally developed for metals and it is now also applied to 
concrete because of its sound theoretical basis and favorable computational efficiency 
(Ohtani and Chen, 1988; Pramono and William, 1989; Etse and Willam, 1994; 
Feenstra and De Borst, 1996).  The plasticity model clearly has advantages over elastic 




approaches in representing hardening and softening characteristics.  Nevertheless it 
does not explicitly incorporate damage process due to micro-cracks, such as stiffness 
degradation and unilateral effects.  A good coverage of concrete plasticity models can 
be found in books written by Chen (1982; 1988; 1994). 
 
Fracture mechanics models were also originally developed for metals (Inglis, 1913; 
Griffith, 1921; 1925) and later extended to concrete (Bazant and Planas, 1999).  Much 
effort is still being devoted to refine fracture mechanics models for concrete.   
Extensive reviews of concrete fracture mechanics can be found in the literatures 
(Wittmann, 1983; Elfgren, 1989; ACI Committee 446, 1992).  Despite some successful 
applications of fracture mechanics on concrete, whether or not the J  integrals and 
stress intensity factor K  are material parameters remains a controversial issue.  
Furthermore, for practical application, it is difficult to determine the geometry and 
location of the microcracks precisely before they are formed. 
 
When concrete damage is involved, an alternative approach of modeling is to use 
CDM based on the thermodynamics of irreversible process.  Early CDM models for 
concrete were developed by Mazars and Pijaudier-Cabot (1989), and Cerveral et al. 
(1995).  Though these models do handle phenomena such as stiffness degradation, 
strain softening and unilateral effects, they are confined only in the elastic ranges and 
cannot correctly describe the nonlinear behavior of concrete.  To account for the 
nonlinear behavior of concrete, more concrete models have been developed in the 
framework of nonlinear CDM.  These models fall under three categories according to 
how damage criteria are defined: equivalent strain approaches (Mazars, 1984); stress-
based approaches (Ortiz, 1985; Chow and Wang, 1987); damage energy release rate-




based (DERR-based) approaches (Mazars, 1985; Simo and Ju, 1987a; Ju, 1989).  
Equivalent strain-based criteria are only appropriate for the elastic conditions whereas 
stress-based approaches are unable to predict the plastic damage growth accurately.  
Most of concrete damage models based on DERRs only consider elastic Helmoholtz 
free energy which is only the elastic part of the potential energy (Lemaitre, 1985; 
Chow and Wang, 1987).  Though damage elastoplastic models in which plastic strain 
and plastic Helmoholtz free energy are incorporated are more reasonable, the plastic 
Helmoholtz free energy can be formulated explicitly only under simple situations such 
as Von Mises yielding criteria model with isotropic linear hardening rule and its 
numerical algorithm is rather complicated, possibly unconvergent and unstable (Ju, 
1989; Wu et al., 2006).  
 
In short, CDM is versatile in handling the observed phenomenon including stiffness 
degradation, tensile softening, and unilateral effects due to micro-cracks and micro-
voids.  But if the inelastic (plastic) strain is not considered, the model cannot predict 
some features such as diltancy which is very important for the multiaxial loadings 
(Chen, 1994; Lee and Fenves, 1998).  A complementary approach, namely the 
plasticity theory, is needed for modeling the inelastic strains.  Furthermore, it is well-
recognized that the macroscale response of concrete originates mainly from two 
microscale mechanisms: (a) the initiation, growth and coalescence of micro-cracks, 
and (b) the pressure-dependent (frictional) tangential movement of the micro-crack 
surfaces.  Since the kinetics of the micro-cracks can be accounted for by the theory of 
CDM, and frictional tangential motion can be modeled by pressure-sensitive plasticity 
theories, it is justifiable and promising to combine these two different ways of 




modelling concrete behavior and capturing the microscale mechanisms as realistically 
as possible (Stevens and Krauthammer, 1989; Yazdani and Schreyer, 1990). 
 
In the last two decades, many models for concrete based on plasticity, fracture 
mechanics and CDM, have been proposed.  In view of the discussion about concrete 
models developed by using plasticity, fracture mechanics, CDM aforementioned, there 
are still some improvements needed to be made.  For example, early concrete 
constitutive models generally have no consolidated theoretical basis, and they were 
formulated in empirical ways.  Most of the constitutive models recently proposed tried 
to incorporate more model material parameters to achieve good agreement with 
experimental results.  In general, however, these parameters are hard to determine by 
conventional tests, and unconventional experiments need to be designed and carried 
out to obtain these parameters.  For example, American Society for Testing and 
Materials (ASTM) in ASTM C 801 suggested one version of triaxial test (ASTM, 
2004a).  In this test, the cylinder specimen is confined by lateral confining pressure 
with the compressive stress along the axis of the cylinder.  Obviously, this test is not 
easy to conduct and hampers these constitutive models’ applications. Furthermore, 
these constitutive models have complicated mathematical forms, and it is very difficult 
to implement these constitutive models in finite element method (FEM) since the 
complex mathematical forms usually make the numerical simulations unconvergent 
and unstable.   
 




1.2 Objectives of thesis 
In view of the research gaps mentioned above, there is pressing need to develop a 
sound constitutive model with the intention of applying it to not only NWC but also 
LWC under investigation.  Moreover, the model should contain as few model 
parameters as possible in order to reduce the laboratory tests required.  Lastly, the 
model should allow relative ease of implementation in the finite element analysis. 
 
To this end, the objectives of the thesis are: 
1. To develop a plastic-damage model for LWC and NWC in the framework of 
plasticity theory and CDM. The model should be able to capture some 
important features of concrete: nonlinearity due to damage accumulation, strain 
softening, and stiffness degradation etc. 
2. To develop an efficient and robust numerical algorithm for this proposed 
plastic-damage model by using the operator split method (elastic predictor, 
plastic corrector and damage corrector) for simulating behaviour of concrete 
under static and dynamic loading.  
3. To implement this model as a user material subroutine (UMAT) of an 
established finite element analysis software (ABAQUS). 
4. To conduct experimental investigations so as to obtain the necessary material 
parameters for the proposed model, and to verify the validity of the plastic-
damage model for NWC and LWC considered. 
 
1.3 Organization of thesis 
This dissertation is organized in seven chapters, including Chapter 1 as introduction. 




Chapter 2 contains a literature review of lightweight concrete and some concrete 
constitutive models of concrete, including empirical, elastic, plasticity and CDM 
models.  The fundamentals of plasticity theory and CDM are also reviewed.  This 
provides the theoretical background in order to pave a way for the development of the 
plastic-damage model and its numerical implementation. 
 
Chapter 3 presents the formulation of the plastic-damage constitutive model.  The 
model is proposed in this study based on both continuum damage mechanics and 
plasticity theories.  Two damage variables are used to represent tensile and 
compressive damage independently.  The effective stress is computed in the Drucker-
Prager multi-surface plasticity framework.  The stress is then computed by 
multiplication of the damaged part and the effective part. 
 
Chapter 4 covers the numerical implementation for the plastic-damage model.  The 
algorithm employs operator split method to carry out the integration of the constitutive 
equations and is divided into three parts: elastic predictor, plastic corrector and damage 
corrector.  The main objectives of the integration of the constitutive equations are to 
update stress and internal state variables, and to provide the consistent algorithmic 
modulus.  Comparison between experimental results and numerical results is also 
presented in this chapter to verify the validity of the proposed model.  
 
Chapter 5 presents ten numerical examples of NWC and LWC covering both static and 
dynamic tests,  to illustrate the applicability and effectiveness of the proposed model. 
 




Chapter 6 reports the experimental investigation program to verify the proposed model. 
Details of material, mix proportions, specimens, test methods, instrumentation and test 
results are described.   
 
Chapter 7 concludes the whole study and makes some recommendations for future 
research. 









Concrete can be classified as normal weight concrete (NWC) and lightweight concrete 
(LWC) based on their unit weight.  LWC is commonly understood as a concrete lighter 
than the ordinary concrete.  According to ACI Committee 213 (ACI Committee 213, 
2003), an equilibrium density of 1920 kg/m3 is considered as the upper limit for 
concrete to be classified as LWC, whereas the equivalent density (oven-dry) is 2000 
kg/m3 as per Eurocode 2 (Chanakya, 1994).   However, concrete cannot be made too 
light since it is well known that concrete becomes weaker and unfit for any structural 
use as its density is overly reduced.  Structural LWC is defined as concrete having a 
minimum 28-day compressive strength of 17 MPa and an equilibrium density between 
1120 kg/m3 and 1920 kg/m3  (ACI Committee 213, 2003).  In this study, LWC refers 
to structural LWC as described above. 
 
Since LWC has more inherent economies and advantages over NWC, numerous LWC 
structures, ranging from multi-storey buildings, bridges and flyovers to marine and 
offshore structures, were found in many parts of the world.  However, due to a lack of 
understanding of the structural performance of LWC, adequate guidance and 
confidence cannot be provided to designers. Among these, constitutive relationship 
plays a crucial role in understanding structural behaviours of LWC. In this chapter, 
LWC is briefly introduced first.  The favourite approaches for constitutive modelling 




concrete are then presented.  These include empirical model, elastic model, plasticity 
theory and CDM for concrete. 
 
2.1 Lightweight Concrete 
There are two main categories of LWC, one in which light weight aggregate (LWA) 
and the other in which air is introduced into concrete to reduce density.  The first 
category, i.e., light weight aggregate concrete, can be produced by using a variety of 
light weight aggregates including natural materials such as volcano pumice, industry 
by-product such as fly-ash, and thermal treatment of natural raw materials such as clay  
(Faust and König, 1998).  The second category, i.e. foam concrete or aerated concrete, 
is highly workable and low density material which can contain up to 50% entrained air.  
But, in most cases, its low strength and brittleness make it suitable only for non-
structural insulation.  Therefore, only light weight aggregate concrete is investigated in 
this study. 
 
Lightweight concrete in its earliest age consisted of natural LWAs such as pumice, 
scoria, tuff etc.  For example, the Pantheon, one of the most notable ancient Roman 
structures was made using pumice as aggregate (Short and Kinniburgh, 1978; ACI 
Committee 213, 2003).  The Pantheon dome of 44-m diameter,  was constructed in 27 
B.C. and incorporated concretes varying in density from the bottom to the top of the 
dome (Figure 2.1).   However, the natural source of good quality lightweight 
aggregates required for the production of LWC of structural grade is scarce.  
Consequently, people turned to acquire the technology for producing lightweight 




aggregates artificially by heating clay, shale or slate in a rotary kiln when Stephen J. 
Hayde patented the process in 1918 (Holm, 1980).  Subsequent commercial production 
of lightweight aggregate in 1928 had renewed the interest in the use of LWC and the 
development took a steep ascent.   From then on, the manufacture of lightweight 
expanded clay aggregate (LECA) has been developed rapidly and now LECA is 
widely used to make LWC.   
 
Liapor is another type of lightweight aggregate which is produced by the dry process 
by one Germany company (Chandra and Berntsson, 2003).  The name, Liapor, is after 
the name of the company producing them.  Liapor is produced from shale, a soft rock, 
which is crushed, dried and milled into powder.  It is homogenized and stored ready 
for pelletization.  After the pelletization process for appropriate size, they are coated 
with finely powdered limestone.  The pellets are spherical and have high green 
strength.  These are then transported to a rotary kiln.  In production, the pellets can be 
made to a predetermined size and the expansion can be controlled to produce particles 
of the required density.  As the pellets are preformed, there is no fine fraction, unlike 
LECA. 
 
Contrary to normal concrete, Liapor aggregate concrete provides more possibilities due 
to its better properties.  Due to the air-filled pores of the aggregate, Liapor concrete 
features a low dry density of below 2,000 kg/m3.  Thus, this building material is not 
only considerably lighter than normal concrete, but also it has some desired disposes of 
physical building properties, which cannot be offered by conventional concrete: higher 
strength, high resistance to water and frost and good thermal insulation.  For example, 
when thermal conductivity is considered, Liapor concrete achieves peak values of up 




to λ = 0.12 W/(m K).  Even the value of λ = 0.8 W/(m K), which is the upper value of 
Liapor is better than the value of standard concrete of about λ = 2.1 W/(m K) by far.  
Furthermore, Liapor LWC reaches strengths between 1 N/mm2 and 85 N/mm2, 
whereby compression stresses can be transferred safely.  Since LECA and Lipaor are 
two main types of lightweight aggregates and widely used in engineering, they are 
selected in this study. 
 
The most obvious advantage of LWC is its lower density that results in a reduction in 
dead load.  Reduced dead load means smaller or thinner supporting members, such as 
slabs, decks, beams, girders, and piers resulting in major savings in cost.  It also means 
reduction in foundation load that may result in smaller footings, fewer piles, smaller 
pile caps, and less reinforcing.  Precast construction will be faster with lower handling 
and transportation costs.  For a given bearing capacity of soil, taller buildings can be 
constructed with the same foundation layout and details.  In case of earthquakes, lower 
density also means smaller seismic force on buildings.  Due to these advantages, 
during 1950-70s, many multi-storey structures were designed and constructed by using 
artificial LWA concrete, for example, One Shell Plaza in Texas, a 52-story high-rise 
office building built in the late 1960s (Figure 2.2), and BMW building in Munich, built 
in 1970s (Figure 2.3).  Since a number of buildings have been reinforced concrete 
framed buildings from 1970s on, using of LWA has slowed down slightly.  LWA is, 
however, widely used in construction of floors, roofs and division walls due to the 
increased height of these buildings. 
 
In bridge rehabilitation, the use of LWC allows new deck to be wider or additional 
traffic lanes to be built without foundation modification.  Many bridges were 




constructed in Norway using high strength LWA concretes made with expanded clay 
aggregates.  Among all the bridges, the two floating bridges, Bergsoysundet Bridge 
with 7 pontoons and Nordhordlands Bridge with 10 pontoons (Figure 2.4) are the first 
of its type in the world (FIP, 1983; CEB-FIP, 2000).  Higher strength-to-weight ratio 
of LWC is particularly advantageous to floating and offshore structures because of 
increased allowable topside load and the reduced draft.  Other important characteristics 
of LWC include its relatively low thermal conductivity, a property that improves with 
decreasing density, and greater fire resistance.  Therefore, when used in building 
construction, LWC may lead to substantial energy savings where indoor and outdoor 
temperature differential is large.  Due to greater fire resistance, the concrete cover to 
reinforcement may be reduced for the same fire rating, resulting in significantly less 
volume of concrete.  In addition, the reduced deadweight and lower modulus of 
elasticity of LWC are also advantageous in the design of structures for seismic 
resistance.   
 
On the other hand, although the low thermal conductivity of LWC is desirable as it 
provides good insulation, it also retards the dissipation of heat in thick concrete 
sections and hence results in higher peak temperature during construction.  In addition, 
the higher cement content used in LWC together with the low specific weight of 
lightweight aggregates cause the peak temperature to rise further.   Coupled with a 
lower tensile strain capacity, the higher peak temperature poses greater risk of thermal 
cracking of the concrete.  Besides this, higher peak temperature may also cause loss of 
prestress in post-tensioned structures if sufficient heat has not dissipated at the time of 
post-tensioning.  Hence, the parameters for controlling thermal cracking and the timing 
of post-tensioning of LWC may be different from NWC.  




LWC has also other disadvantages.  Being porous in nature, water and gas may 
penetrate more easily that may affect the long-term durability of the structure.  Due to 
the presence of air voids, steel-concrete bond is likely to be lower in LWC requiring 
longer development length for reinforcement and affecting the serviceability problem 
of cracking.  Lower elastic modulus of LWC concrete means higher deflections, which 
may lead to serviceability problems as well.  Also, there are evidence (Zhang and 
Gjorv, 1990) that LWC is more brittle than NWC of equivalent strength, and failure 
occurs through the aggregates rather than traversing around the aggregates.  However, 
these shortfalls may be mitigated technically in the design of a safe and serviceable 
structure, but at additional costs. 
 
Due to the use of different aggregate types, aggregate sizes, water cement ratios ( /w c ) 
and admixtures, etc, LWC shows significant difference from NWC.  Cracks always 
develop in the weakest part of three phrases of concrete: hardened cement paste, 
aggregates and interface transition zone.  For NWC, cracks form within mortar or 
along the interface between the mortar and coarse aggregates particles, while for LWC, 
cracks can go through coarse aggregate particles.  Since LWC has a porous and rough 
surface, the cement paste may penetrate into cavities or large pores on the aggregate 
surface.  These “interlockings” bind the aggregate and cement matrix together.  
Moreover, the moisture in aggregates absorbed before casting can act and function as 
“internal curing” which will strengthen the interface between the aggregate and cement 
paste.  Due to the improved interface as a result of “interlocking” and “internal curing” 
(Zhang and Gjorv, 1990), aggregates become effective part of LWC and aggregates 
also becomes the weakest link of LWC.  Slate et al. (1986) found that the stress-strain 
curve in uniaxial compression does not show significant non-linearity before failure 




because of its brittleness.   In spite of these differences in material structure between 
LWC and NWC, there is no essential dissimilarity in the framework of 
phenomenological modelling theory at maromechanical scale.  If the structure of 
material is ignored, they all can be idealized as continuum materials.  Therefore, it is 
possible to formulate unified constitutive models for LWC as well as for NWC.  In the 
remaining part of the thesis, ‘concrete’ refers to both LWC and NWC, and LWC 
includes LECA and Liapor concrete. 
 
2.2 Empirical model of concrete 
Concrete is a highly complex composite material and its constitutive response to 
loading is closely dependent on its composition as well as its internal microscopic 
structures.  One typical stress-strain curve of concrete starts with a linear portion that 
reaches a certain point often denoted as ‘proportional limit’.  For NWC, the linear 
portion of the stress-strain curve is approximately up to 30% of the peak stress (Figure 
2.5) whereas it can be up to 60-80% of the peak stress for LWC (Figure 2.6).  
Thereafter, the stress-strain curve shows a gradual increase in curvature to reach the 
ultimate stress, i.e. peak stress (Guo, 1997).  After the peak-stress point, the crack 
penetrates the mortar and aggregates causing a progressive breakdown and 
discontinuity in the internal structure of concrete which is represented by the 
descending portion of the stress-strain curve. 
 
The material constitutive law is, in general, gained through a series of experiments 
(Chen, 1994; Imran and Pantazopoulou, 1996).  The experimental data are then used to 
propose functions, i.e. empirical constitutive relationships, which describe the material 




behaviour, by curve fitting. Empirical modelling mainly focuses on stress-strain 
relationship of concrete under uniaxial compressive loading since it is assumed that the 
stress-strain curve for the uniaxial tension case has similar shape as the uniaxial 
compressive case (Popovics, 1970).  In early days, many empirical constitutive models 
were proposed on the basis of experimental observations (Hognestad et al., 1955; 
Desayi and Krishnan, 1964; Saenz, 1964; Sinha et al., 1964; Popovics, 1973; Yip, 
1998).  Some of the uniaxial stress-strain relations proposed by various researchers are 
summarized below. 
 
The earliest attempt for modelling of stress-strain relationship of concrete was the use 
of a simple power function given by equation (2.1). 
 ( )1 , 1nC nσ ε= <                                              (2.1) 
This model shows fairly good agreement with experimental data from not too low 
stress almost up to the ultimate stress.  However the model is simplistic since the 
formulation implies an infinitely large initial Young’s modulus and the model does not 
indicate an ultimate stress. 
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where  σ , ε  are stress and strain vectors respectively, E  is Young’s modulus and 
pε is strain at peak stress.  This model is simple and easy to use in practice.  However, 




it is seen that the stress σ  is very sensitive to pε .  Therefore it is not easy to fit the 
experimental data with equation (2.2). 
 
Saenz (1964) proposed a quadratic equation (2.3) as well as fractional equation (2.4) 
for concrete modelling:                     
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where 0E  is the initial Young’s modulus,  sE  is the ultimate secant modulus and cε  is 
the critical strain.  The model captures well all the essential parameters such as initial 
Young’s modulus, and ultimate stress.  However, it fails to model the descending part 
of the curve accurately.   
 
Popovics (1973) developed a fractional model to capture the constitutive relation of 
various types of concrete with some success: 
 




















 is the model parameter.  Compared to Sanez’s model, this model 
relates E0/ES to the order of the fractional function, which is a direct measurement of 
the non-linearity of the stress-strain curve.   For instance, a higher value of the order 
characterizes the constitutive relation as a more linear ascending portion and a steeper 
slope in the descending portion, which usually represents LWC.  On the contrary, 
conventional concrete usually has a lower value of the order since its constitutive 
relation possesses significant non-linearity in general.   




On the basis of Popovics’ model, Yip (1998) introduced another parameter in the 
power term of the fractional equation (2.6) in order to generate a steeper descending 
curve especially for lightweight and high strength concrete. 
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where 
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 and cuσ  is the cube compressive 
strength. 
However this model parameter requires sufficient points on the descending portion of 
the stress-strain curve, which can hardly be obtained in the uniaixal compression test 
since the specimens will suddenly fail after peak load. 
 
These empirical models in general involve some mathematical functions.  It is 
anticipated that a single mathematical equation is not sufficient to represent the 
expected wide range of constitutive behaviours for different grades of concrete.  Most 
of these models are phenomenological in nature and usually contain a large number of 
state variables and parameters to cover all possible response of the concrete.  
Furthermore, these models were developed to represent the stress-strain curve under 
uniaxial loading.  For multiaxial loading, it is assumed that these models are still 
applicable and the constitutive relationship for each direction is uncoupled.  However, 
this assumption is questionable and unrealistic since the damage in one direction will 
affect stress-strain states in the other directions. 
 




2.3 Elastic models for concrete 
Linear elastic constitutive models are the simplest constitutive ones. In linear elastic 
models concrete is treated as linear elastic until it reaches ultimate strength and 
subsequently it fails in brittle manners.  For uniaxial tension, the linear elastic models 
are quite accurate since the failure tensile strength is very small.  The linear elastic 
stress-strain relation obeys Hook’s law: 
 Cσ ε=                                                     (2.7) 
where C  is the elastic stiffness.  For compression, this simple linear elastic 
constitutive law is inappropriate as concrete under compression exhibits very complex 
nonlinear and inelastic behaviours.  Significant improvements can be made by using 
nonlinear elastic models.  There are two basic approaches for nonlinear elastic models, 
namely secant formulation (total stress-strain, equation (2.8)) and tangential stress-
strain formulation (incremental stress-strain, equation  (2.9)).  
 
sCσ ε=                                                    (2.8) 
 
tCσ ε=                                                     (2.9) 
where sC  and  tC  are the secant and tangential material stiffness, respectively. 
Compared to secant formulation, tangential formulation is reversible, path independent 
and applicable to monotonic situations.  These models incorporate suitable failure 
criteria for a complete description of the ultimate strength surface as in plasticity 
models.  Though these nonlinear elastic models can successfully predict some 
nonlinear behaviors of concrete, they fail to capture some important nonlinear features, 
such as irreversible and path dependent behaviors. 




2.4 Plasticity theory  
Plastic material behaviour is a more complex phenomenon than elastic material 
behaviour.  In the elastic range, the strains are linearly related to the stresses by 
Hooke’s law, and the strains are uniquely determined by the stresses.  On the other 
hand, plastic strains are not uniquely determined by the stresses.  Plastic strains depend 
on the whole loading history or how the stress state is reached (Alexander, 1983). 
Therefore, to completely describe material behaviour in the plastic range, one must 
determine the appropriate yield function, hardening rule and flow rule, which are the 
three corner stones of any plasticity model. 
 
With inclusion of many assumptions and postulates, plasticity theory was initially 
developed for metals.  It is well founded on a physical and mathematical basis with a 
long history of successful applications for metals.  It was first enlarged for modelling 
of concrete in 1970s.  Since then, numerous constitutive models have been developed 
for modelling of concrete.  Details of these models can be found in the books written 
by Chen (1982; 1988).  
 
Different model includes different yield criterion.  One-parameter models, for example, 
maximum-tensile-stress, Von Mises or Tresca criteria are generally used in early finite 
element analysis for concrete structures.  These models have some assumptions, such 
as isotropy, hydrostatic pressure independence and equal yield stresses in tension and 
compression.  Therefore, these models can predict the behaviours of metals other than 
concrete.  To apply these one-parameter models on concrete, some improvements have 
been made.  For example, to account for the limited tensile capacity of concrete, the 




Von Mises surface is combined with the maximum-principal stress surface or tension-
cutoff surface.  To account for the limited compressive ductility of concrete, the Von 
Mises model is also combined with the maximum-principal-compressive-strain 
criterion
uε .  When the strain reaches this value, it is assumed to crush and the element 
material property matrix is set to zero (Chen and Han, 1988).  However, in early days 
these models were proposed for manual calculations and were too simple to capture the 
behaviours of concrete correctly.  
 
Later, these models were refined by adding additional parameters for description of the 
complicated behaviours of concrete.  Changes were also made for them to be suitable 
for computer applications.  The typical two-parameter models are Mohr-Coulomb and 
Drucker-Prager criteria which are the simplest types of pressure-dependent yield 
criteria. For Mohr-Coulomb yield criteria, the maximum biaxial compressive strength 
of concrete is the same as the uniaxial compressive strength. This is contrary to the 
experimental results.  Another disadvantage is the meridians which are straight lines in 
the meridian plane.  In addition, the yield surface is not a smooth surface.  The corners 
or singularities are known to be difficult to handle in numerical analysis.  A smooth 
approximation to the Mohr-Coulomb yield criterion was developed by Drucker and 
Prager (1952) as a simple modification of the Von Mises yield criterion.  The Drucker-
Prager yield criterion was then widely used in modelling of concrete and soils due to 
the relatively simple mathematical form and high computational efficiency, although 
the Drucker-Prager yield criterion was associated with linear relationship between the 
octahedral shear and octahedral normal stress. 
 




To overcome the inadequacy of the Drucker-Prager yield criterion, Bresler and Pister 
(1958) generalized the Drucker-Prager yield criterion to incorporate a parabolic 
relationship between the octahedral shear and octahedral normal stress and this 
generalized Drucker-Prager yield criterion is one of the three-parameter models.  From 
then on, numerous three-parameter models (William and Warnke, 1975), four-
parameter models (Ottosen, 1977; Hsieh et al., 1982), and even five-parameter models 
(William and Warnke, 1975) have been developed to account for the complicated 
concrete behaviours.  Though most of these refined models give a close estimation of 
experimental data and include main characteristics concerning smoothness, convexity 
and curved meridians, etc, they require elaborate experimental works, such as biaxial 
tests, triaxial tests which are not commonly done for concrete.  In addition, these 
models also need more computing efforts.  Although there are different yield surfaces 
(yield criteria), the general structure of plasticity is not changed.  In the following, the 
fundamentals of plasticity are presented. 
 
In general, a plasticity model definition can be subdivided into three distinct tasks : the 
formulation of a yield surface, the definition of a flow rule and the description of the 
hardening behaviour.  Furthermore, the plasticity theory also includes Kuhn-Tucker 
loading/unloading conditions and consistency conditions. 
                                                                                                                                                                                                                                                                                                
Considering the constitutive equations for small strain, the incremental form of rate-
independent plasticity is expressed as follows: 
(1) Additive decomposition of strain rate into elastic and plastic parts: 
 
e pε ε ε= +& & &                                                 (2.10) 




where ε , eε and pε are total strain, elastic strain and plastic strain, respectively. 
(2) Relation between stress rate and elastic strain rate: 
 : : ( )e pC Cσ ε ε ε= = −& & &&                                      (2.11) 
where C  is elastic stiffness modulus.  They are expressed as follows (Chen, 1994): 
 ( )ijkl ik jl il jk ij klC µ δ δ δ δ λδ δ= + +                                (2.12) 
where ,  λ µ  are material Lame constants and ( ), 1, 2,3ij i jδ =  is the components of 
Kronecker Delta matrix. 
(3) Plastic potential function and yielding function: 
The yielding surface F defines a surface (in 3D stress-space) that limits the stress at a 
material point, i.e. stress state that lies outside this surface is no permissible whereas 
the direction of the plastic flow to this surface is defined by the plastic potential 
function pF : 
 ( , ) 0pF σ κ =                                               (2.13) 
 ( , ) 0F σ κ =                                               (2.14) 
where κ is the hardening parameter. 
(4) Plastic flow and hardening rule: 
 
p pFσε γ=& &                                                  (2.15) 







 , γ  is the plastic consistent parameter and H is the hardening 
function.  When pF F= , equation (2.15) is called the associated plastic flow rule. 
 (5) Loading-unloading conditions (Kuhn-Tucker relations): 
 0,  0,  0F Fγ γ≥ ≤ =& &                                           (2.17) 




Equation (2.17) governs the elastic unloading and plastic loading processes. Note that 
if 0F <  then 0γ =&  and the process is the elastic unloading.  On the other hand, if 
0γ >&  then 0F = .  This means that the stress tensor is located on the yield surface F  
and plastic loading occurs. 
 (6) Plastic rate parameter (from consistency condition 0F =& ) 
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.  In addition to the loading-unloading conditions (equation (2.18)), 
0γ ≥  need satisfy the consistency requirement 
0Fγ =&                                                     (2.19) 
From equations (2.15) (2.16) (2.17) and (2.19), γ&  in equation (2.18) is obtained. 
(7) Relation between stress rate and strain rate: 
 :epCσ ε= &&                                                  (2.20) 
 (8) Continuum elastoplastic tangent modulus: 
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                                   (2.21) 
When pF F= , the elastoplastic tangent modulus epC  is symmetric. 
 
2.5 Continuum damage mechanics 
The first attempt to tackle material damage is traceable to the pioneered work by 
Kachanov (1958) with introduction of a filed variable called ‘continuity’.  The 
fundamental contribution of his study is related to the introduction of an internal 
variable which, in a simple but physically justified manner, provides a deterministic, 




continuum measure of the effect which the randomly distributed micro-defects exert on 
the macro parameters of a structure and its macro-response.  Ever since the continuum 
damage mechanics (CDM) theory was initiated by Jason and Hult (1977) to provide an 
analytical model which merges the gap between traditional elasticity theory and 
fracture mechanics, CDM was then developed by Chaboche (1981), Krajcinovic 
(1984), Toledano and Murakami (1987) and others. 
 
In 1980s, CDM was further pursued on a more rigorous basis using thermodynamics 
and micromechanics (Lemaitre, 1992).  In CDM, the true distribution of the inter-
atomic bonds, dislocations and vacancies, or individual micro-voids and micro-cracks 
is smeared out and homogenized by a selection of the properly defined internal 
variable which characterizes the damage state and is called damage parameter.  The 
damage parameter is incorporated as a macroscopic description of the cumulative 
microscopic deflects such as cracks and cavities in the materials and the damage 
parameter obeys the thermodynamic laws and reflects the degradation process of the 
material.  The damage parameters have different definitions on different assumptions.  
Although damage is inherently a non-isotropic phenomenon, in order to overcome 
some of the convergence problems related to the computational implementations, 
many authors have commonly adopted an isotropic damage formulation, making use of 
a single scalar variable (Kachanov, 1958; Luccioni et al., 1996; Jirasek and 
Zimmermann, 1998; Brencich and Gambarotta, 2001; Salari et al., 2004).  Scalar 
models with two damage variables have also been proposed, in an attempt to 
distinguish between tension and compression damage mechanisms (Mazars, 1986; 
Faria et al., 1998; Comi and Perego, 2001; Marfia et al., 2004).  The vector parameters 
(Davison and Stevens, 1973), the second-rank tensor parameters (Rabotnov, 1969; 




Vakulenko and Kachanov, 1971; Murakami and Ohno, 1981), and the fourth-rank 
tensor parameters (Chaboche, 1981; Krajcinovic, 1989; Litewka and Debinski, 2003; 
Gambarotta, 2004; Kuna-Ciskal and Skrzypek, 2004) are frequently used. 
 
The simplest form of CDM assumes isotropic damage where the damage evaluation is 
the same regardless of the orientation.  The isotropic damage parameter is represented 







=                                                (2.22) 
 
An anisotropic damage parameter definition follows the same way except that the 
surface is directional-dependent.  This definition of damage parameter provides a 
versatile means for various types of damage process such as brittle behaviour, creep, 
ductile low and high cycle fatigue.  However, as pointed out by Kachanov (1986), the 
direct measurement of this damage parameter is impossible.  As an alternative to the 
direct measurement, damage can be evaluated by measuring change of physical 
quantities, such as elasticity modulus, acoustic wave speed, thermal conductivity, 
electrical resistance and x-ray diffraction (Skrzypek and Ganczarski, 1999) etc.  The 
indirect measurement of damage is supported by two fundamental principles: the 
concept of effective stress and principle of strain equivalence.  Rabotnov (1969) 






                                               (2.23) 
 
where σ  and σ are effective stress and Cauchy stress tensors, respectively. 
 




From the concept of effective stress, it is shown that the true stress applied on the 
material is the effective stress σ and no longer σ . Naturally, Lemaitre (1971) 
introduced the following hypothesis of strain equivalence: 
‘Any strain constitutive equation for a damaged material may be derived in the same 
way as for a virgin material except that the usual stress is replaced by the effective 
stress.’ 
 
The principle suggests using effective stress instead of Cauchy stress to formulate the 
constitutive relationship.  Therefore, the damage parameter can be related to the 






= −                                              (2.24) 
 
where damagedE  is the degraded Young’s modulus and undamagedE  is the initial Young’s 
modulus. 
 
The CDM has been applied mostly to ductile material, for example metals, since it was 
developed in 1958.  However, it has recently been adopted for brittle materials such as 
concrete.  Mazars (1986) and Pijaudier-Cabot (1989) proposed a scalar damage model 
for concrete with the assumption that the material is elastic and isotropic.  The 
constitutive relationship has the form as: 
 ( )1 D Cσ ε= −                                                  (2.25) 
In this model, the damage parameter was formulated based on strain components. 
Since tensile and compressive stresses lead to damages and formulation of cracks in 




different manners, it is desirable to formulate the damage parameters for tension and 
compression separately. 
 t t c cD d dα α= +                                               (2.26) 
Where td and cd  are damage parameters associated with tensile and compressive 
stresses, respectively.  tα and cα are the corresponding weights of these two damage 
parameters and the sum of them equals one.  Under uniaxial tension, 1tα =  and 0cα = , 
whereas in case of uniaxial compression, 0tα =  and 1cα = . 
Based on the empirical modelling of concrete under uniaxial loading, Le et al. (2006) 
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               (2.27) 
where ( ),in i t c=  is the equivalent strain (Mazars, 1985) and ( ),ci i t cε =% denotes the 
equivalent strain corresponding to critical compressive and tensile strain.  Though this 
model can give reasonable agreement with experimental data obtained under static and 
impact loads for NWC and LWC, it does not consider the effect of plastic strain.  In 
addition, this model was formulated on an empirical basis, lacking theoretical 
background, and could lead to numerical difficulties when structural geometry and 
load conditions are very complicated.  
 
2.6 Plastic-damage models 
On one hand, plasticity models alone are unable to capture the stiffness degradation 
observed in experiments. On the other hand, damage models alone, are not suitable for 




description of irreversible deformation. To address this issue, one group of constitutive 
models suitable for the description of concrete complex phenomena is based on a 
combination of plasticity with CDM.  The stress-strain relation for all such models is 
( ) ( ) ( ): pI I Cσ ω σ ω ε ε= − = − −                                (2.28) 
where I  is the unity tensor and  ω  is the damage tensor.  With different definitions of 
damage tensor ω  and different plasticity model, different combinations of plasticity 
and CDM (herewith referred plastic-damage model) have been developed.  Although 
damage is inherently anisotropic phenomenon and anisotropic damage tensor is 
appropriate for description of complex behavior of concrete, anisotropic damage 
models are often very complicated and combinations with plasticity and application to 
structural analysis is not straightforward (Carol et al., 2001).  Moreover, the dramatic 
convergence problems related to the computational implementations make the 
anisotropic models unfeasible in engineering.  Isotropic damage, on the other hand, is 
widely used (Gatuingt and Pijaudier-Cabot, 2002; Kratzig and Polling, 2004; Salari, 
Saeb et al., 2004; Jason et al., 2006) and different types of combinations with plasticity 
models have been proposed in the literature.  Scalar plastic-damage models with two 
damage parameters have also been proposed, in an attempt to distinguish tension and 
compression damage mechanism (Faria, Oliver et al., 1998; Comi and Perego, 2001; 
Marfia, Rinaldi et al., 2004). 
 
For the plastic part, one group of models are based on plasticity formulated in the 
nominal stress space; see literature (Lubliner et al., 1989; Imran and Pantazopoulou, 
2001). Another group of models rely on stress-based stress-based formulated in the 
effective stress space; see instances (Ju, 1989; Lee and Fenves, 1998; Jason, Huerta et 




al., 2006).  Here nominal stress is meant as the macro-level stress and is defined as 
force divided by the total area, while effective stress is meant as the average micro-
level stress acting in the undamaged material between defects, defined as force divided 
by the undamaged part of area.  The effective stress-based approach is commonly used 
in formulation of the plastic-damage model.  The advantage approach is that the 
damage in stiffness degradation, which is originally coupled in the constitutive 
relations, can be decoupled from the plastic deformation by linearizing the constitutive 
equations (Lee and Fenves, 1998; Wu, Li et al., 2006).  In this study, scalar damage 













































Figure 2.2 One Shell Plaza Building, Houston, Texas, USA 1960, (expanded shale 
LWA) (Joseph, 2004) 
 






Figure 2.3 BMW Central Administration Building, Munich, Germany, 1970, 





Figure 2.4 Nordhordlands Floating Bridge, Norway (1246 m long, 1994, Liapor LWA) 
 
Floating pontoons 
























Figure 2.5 Example of stress-strain curve for NWC 
 
 





















Figure 2.6 Example of stress-strain curve for LWC 








In this chapter, the formulation of the proposed plastic-damage constitutive model is 
presented.  The continuum mechanics approach (e.g. plasticity theory and CDM in this 
study) is adopted to deal with material behavior at the continuum level, i.e. the 
microstructural behavior of the concrete is neglected and, at the macroscopic level, it is 
assumed homogeneous. In the context of continuum mechanics, the objective herein is 
to study the response at structural level by treating cracks in a smeared way without 
any attempt to track individual ‘macro’ cracks. Constitutive calculations are performed 
independently at each integration point of the finite element model. The presence of 
cracks enters into these calculations by the way in which the cracks affect the effective 
material stiffness associated with the integration point.   
 
The model is assumed to be developed in the framework of infinitesimal deformation 
theory, which is adequate for modeling concrete materials (Lubliner, Oliver et al., 
1989; Lee and Fenves, 1998).  As explained in Chapter 1, in view of the advantages of 
plasticity and CDM, it is desirable to combine the plasticity and CDM to propose an 
appropriate constitutive model for concrete.  In the present model, the effective stress 
in CDM is used to simulate stiffness degradation as in Ju’s model (Ju, 1989).  This 
decouples the damage in stiffness degradation from the plasticity deformations.  
Therefore, it is very convenient to implement the operator split and to divide the 
computational algorithm into three steps: elastic predictor, plastic corrector and 
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damage corrector.  The plastic deformations are computed in the effective stress space, 
which is independent on the damage corrector step for evaluation of the damage in 
stiffness degradation.  In the plastic part, the model comprises two Drucker-Prager-
type yielding surfaces: one is for compression and the other is for tension.  The 
associated plastic flow rules and isotropic hardening rules are adopted.  In the CDM 
part, two damage parameters are defined independently: one for tensile damage and the 
other for compression.  At the final stage, one scalar damage parameter is proposed by 
combination of tensile and compressive damage parameters to include both tensile and 
compressive damages.   
 
3.1 Main significance of the model 
Though numerous efforts devoted to the development of constitutive relations for 
concrete have resulted in a number of constitutive models for concrete, no generally 
accepted constitutive equations exists at present for modeling concrete response to 
complex load history.  Some of the existing concrete constitutive models employ 
complicated analytical formulation and try to incorporate as much concrete behavior as 
possible.  It is clear that this kind of models incorporate more model parameters.  
Therefore, more tests need to be carried out to calibrate these parameters.  Some of the 
parameters are even impossible to obtain by conventional tests.   Another disadvantage 
for this kind of model is that it is not easy to implement for very large and complicated 
concrete structures.   On the other hand, some of the existing models adopt many 
assumptions and simplifications.  As a result, the results predicted by these models are 
inaccurate compared to the experimental results.  Another very important aspect of 
constitutive models frequently studied is the numerical implementation algorithm.   It 
Chapter 3 Plastic-damage constitutive model of concrete 
 
 37 
is often found that the analysis is hard to achieve mainly due to the non-robustness of 
the constitutive models. 
 
In this study, to over come the difficulties aforementioned, the proposed constitutive 
model contains only a few model parameters that can be readily determined by 
standard laboratory tests.  The model parameters needed, as will be seen in the 
following sections, are Young’s modulus E , Poisson’s ratioν , compressive strength 
cf  and tensile strength tf . Additionally, uniaxial compressive and tension stress-strain 
curve are also needed.  This model incorporates two Drucker-Prager-type yielding 
surfaces, which can account for the important phenomenon of dilatancy not considered 
in other mixed models employing relatively simple plasticity criteria, e.g. Von Mises 
criterion.  This proposed model is relatively easy for implementation in the finite 
element analysis and yet accurate, as will be shown in Chapter 5 when compared to the 
experimental results obtained for both static and impact loading.  
 
3.2 Theoretical framework of the plastic-damage model  
In the small strain plasticity theory, the strainε  is decomposed into elastic part eε and 
plastic part pε : 
e pε ε ε= +                                                       (3.1) 
In linear elasticity, the constitutive equation is given by 
( ): pCσ ε ε= −                                                   (3.2) 
Where σ  is the stress tensor and  C  is the elastic stiffness tensor. 
According to the concept of CDM, the stress tensor σ  can be mapped into the 
effective stress tensor σ  by the relation: 
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:Tσ σ=                                                           (3.3) 
in which T  is a rank four mapping tensor.  It is noted that the effective stress is 
defined in undamaged elastic stiffness.  Thus 
( )0 : pCσ ε ε= −                                                     (3.4) 
where 0C  is the initial elastic stiffness. 
 








, where I is the rank four identity tensor.  From equation (3.3), 
consequently, we obtain 
( )1 Dσ σ= −                                                      (3.5) 
Comparing  equation (3.2) and equation (3.4) gives 
( ) 01C D C= −                                                      (3.6) 
 
3.3 Damage part of the plastic-damage model 
Experimental observations indicate that tensile damage and compressive damage of 
concrete give very different responses (Lee and Fenves, 1998).  To account for this 
difference, two damage variables are needed: td and cd  representing the tensile 
damage and compressive damage, respectively.  The uniaxial degradation variables are 
increasing functions of the equivalent plastic strains.  They can take values ranging 
from zero, for the undamaged material, to one, for the fully damaged material.  
Theoretically, they can be obtained by uniaxial tests as functions of the equivalent 
plastic strains.  In practice, however, such experiments are difficult, if not impossible, 
to conduct and thus the explicit formulations for td  and cd  are not readily available.   
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To handle this problem, many researchers assume that the degradation takes the 
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 = − −

= − −
                                           (3.8) 
where ta and ca  are model parameters for uniaxial tension and compression, 
respectively, and can be obtained from the uniaxial tensile and compressive tests as 























                                                  (3.9) 
After td and cd are evaluated, the scalar damage variable D  in equation (3.5) is then 
defined as (Lubliner, Oliver et al., 1989; Lee and Fenves, 1998) 
( )( )1 1 1t cD d d= − − −                                              (3.10) 
From equations (3.1), (3.8) and (3.10), the damage evolution ( D ε− ) relation can be 
obtained.  Figure 3.3 shows typical damage evolution curves for LWC and NWC 
under uniaxial compression based on experimental results.  It is seen that damage in 
NWC is found to increase gradually.  In contrast, the damage in LWC occurs and 
increases rapidly in a narrow strain range due to its relative higher brittleness. 
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3.4 Plastic part of the plastic-damage model 
3.4.1 Yielding surfaces 
The general Drucker-Prager yielding surface is described by 
1 2 0 0F I Jα τ= + − =                                               (3.11) 
where α  and 0τ are model parameters, 1 1 2 3I σ σ σ= + + is the first invariant of the 
stress tensor iσ  (direct stress components when 1,2,3i = ; shear stress components 
when 4,5,6i = ) and 2J  is the second deviatoric invariant of the stress tensor iσ , which 
is defined as: 
( ) ( ) ( )2 2 2 2 2 22 1 2 1 3 2 3 4 5 616J σ σ σ σ σ σ σ σ σ = − + − + − + + +         (3.12) 
The values of 1I and 2J  at the peak stress for uniaxial compression and tension 






















                                               (3.13) 
where 
cf  and tf  are uniaxial compressive strength and tensile strength, respectively. 
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
                                            (3.14) 
where 1α and 01τ  are the model parameters for the first yielding surface 1F  and are 
obtained by solving equations (3.14): 
1 01
1 2
;   
3 3
c t c t
c t c t
f f f f




                                      (3.15) 
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The failure envelope 1F  in the biaxial tension and tension-compression quadrants 
(Figure 3.4) can be obtained: 
1 1 1 2 01 0F I Jα τ= + − =                                            (3.16) 
In the same way, by matching the uniaxial and equibiaxial compressive strength to 1I  
and 2J  and solving for 2α and 02τ  , we can obtain the yielding envelope in the biaxial 
compression quadrant: 





b c b c
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                                 (3.18) 
where bf  is the equibiaxial compressive strength. Under plane stress 
conditions ( )3 0σ = , equation (3.11)  can be written as 
( )( ) ( ) ( )2 2 2 2 21 1 1 2 0 1 2 01 3 1 6 6 3 0α σ σ α σ σ τ α σ σ τ− + − + + + − =              (3.19) 
Equation (3.19) can be rewritten in the form:  
2 2
1 1 2 2 1 2 0A B C D E Fσ σ σ σ σ σ+ + + + + =                                (3.20) 
where ( )2 2 2 20 0 01 3 , 1 6 , 1 3 , 6 , 6  and 3A B C D E Fα α α τ α τ α τ= − = − + = − = = = − . 













                                          (3.21) 
In equation (3.19): 
2 24 36 3B AC α− = −                                                (3.22) 
For yielding surface 1F (equation (3.16)), substituting equations (3.15) into equation 
(3.22) gives: 




2 4 12 3c t
c t
f fB AC f f
 
−
− = − 
+ 
                                              (3.23) 
The critical value for which equation (3.19) describes a parabola is 2 4 0B AC− = , i.e. 
/ 1/ 3t cf f = .  For concrete, the value of ratio /t cf f  is usually less than 1/10 .  Thus, 
the intersection of the Drucker-Prager cone of yielding surface 1F  with the biaxial 
stress plane is a hyperbola (Figure 3.4). 
 
The material parameters required for the composite concrete model are Young’s 
modulus, Poisson’s ratio, compressive strength, tensile strength and equibiaxial 
strength. Except equibiaxial strength, all required material parameters can be 
determined by commonly conducted tests, i.e., cylinder uniaxial compressive tests and 
cylinder splitting tests.  Kupfer et al. (1969) performed the classical study for the 
biaxial loading for concrete and they showed that the ratio of equibiaxial strength to 
compression strength ( /b cf f ) ranges from 1.10 to 1.20.  Lubliner et al. (1989) also 
reported that this ratio is about 1.10 to 1.16.  Lee and Fenves (1998) and Wu et al. 
(2006) found that the result is not sensitive to this ratio within the range.   In  this study, 
the value of ratio / 1.12b cf f =  is adopted. Consequently, 2 0.021383α =  and  
2 4 2.98 0B AC− = − <  which means that the intersection of the Drucker-Prager cone of 
yielding surface 2F  with the biaxial stress plane is an ellipse with a shifted center 
( Figure 3.4). 
 
3.4.2 Flow rule 
In this study, the associated flow rule is employed.  Figure 3.4 shows that this model is 
non-smooth multi-surface model and it has corners at the intersections of these two 
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yielding surfaces. At such corners, the gradient of the two surfaces is not uniquely 
defined. This problem can be handled by using the flow rule which follows Koiter’s 
rule (Koiter, 1960):   
 ( )2 ,p Fα σ α
α
ε λ σ κ= ∂∑                                       (3.24) 
where FF ασ α σ
∂∂ =
∂
 and αγ is the plastic consistent parameter. 
 
 
3.4.3 Hardening rule 
Uniaxial compressive and tensile stress-strain curves based on experimental 
observations are adopted as shown in Figure 3.5 and Figure 3.6.  Under uniaxial 
compression, the stress-strain relation is linear until the initial yield ( 0cf ), followed by 
the plastic regime which is characterized by plastic hardening.  Beyond the ultimate 
stress 
cf  is the strain softening part of the stress-strain curve.  Under uniaxial tension 
the stress-strain relation is linear until the failure stress ( 0tf ), followed by strain 
softening.  It is assumed that the uniaxial stress-strain curves can be converted into 
















                                                (3.25) 
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                                               (3.27) 
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Lubliner et al. (1989) assumed exponential forms for compressive and tensile 
hardening and softening: 
 ( ) ( ) ( )0 1 exp exp 2p pi i i i i i i if f a b a bε ε = + − − −                       (3.28) 
where i t=  for tensile state and i c= for compressive state, 0if  is the initial strength, 
ia and ib  are constants calibrated by uniaxial tests.   
 
In this study, the stress versus plastic-strain curves can be derived from the uniaxial 
stress-strain curves obtained by uniaxial compressive and tensile tests.  The stress 
versus plastic-strain curves are then obtained and shown in Figure 3.7 and Figure 3.8.   
 
The hardening rules for the uniaxial conditions have been extended to the general 
multiaxial conditions.  Making use of the findings by Lee and Fenves  (1998) and 





















                                          (3.29) 
where maxˆ
pε& and minˆ
pε& are maximum and minimum eigenvalues of plastic strain rate 
tensor pε&  and  





















                                  (3.30) 
is a weight factor between zero and one.  The weight factor is equal to one if all 
principal stress ˆ  ( 1,2,3)i iσ =  are positive, and equal to zero if all are negative.  The 
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sign .  is the Macauley bracket defined by ( )12x x x= + .  It is obvious that, under 
uniaxial conditions, equation (3.29) can be reduced to uniaxial definitions as equation 
(3.27), since max 11ˆ p pε ε=& &  in tension, and min 11ˆ p pε ε=& &  in compression. 
 
For ease of reference, the eigenvalues of the plastic strain rate tensor pε& are ordered 
such that max 1 2 3 minˆ ˆ ˆ ˆ ˆ
p pε ε ε ε ε= ≥ ≥ =& & & & & .  Therefore, the hardening rules for the general 
multiaxial conditions are expressed in the following form: 
















，                                    (3.31) 
where   
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                                                      (3.33) 










= ∂∑& &                                               (3.34) 
Substituting equation (3.34) into equation (3.31)  gives 
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where   
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% %， ，                                 (3.36) 
 
is the hardening function for this model. For convenience, hardening parametersκ is 











                                             (3.37) 
 
where tκ and cκ are hardening parameters for tension and compression, respectively. 














Additive decomposition of rate of strain: e pε ε ε= +& & & , peε ε ε= −& & &                                 
Linear elasticity: ( )1 1 1: pn n nCσ ε ε+ + += −& & &                                                                           
Flow rule: ( )2 ,p Fβ σ β
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Damage parameter: ( )( )1 1 1t cD d d= − − −                                                                    
































Figure 3.2 Compressive damage variable 
cd  
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Figure 3.4 Drucker-Prager yield surface in plane stress space 
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Figure 3.5 Typical stress-strain relationship for concrete under compression 



















Figure 3.6 Typical stress-strain relationship for concrete under tension 
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Figure 3.7 Typical uniaxial compressive stress-plastic strain curve ( )pcσ ε−  




























Figure 3.8 Typical uniaxial tensile stress-plastic strain curve ( )ptσ ε−
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CHAPTER 4 
 




The numerical solution procedure is based on the finite element method (FEM) which 
is well covered by many books (Hughes, 1987; Bathe, 1996; Belytschko et al., 2000; 
Zienkiewicz and Taylor, 2000).  The objective of nonlinear FEM is to trace the 
nonlinear response of the structural model subjected to a given loading history.  This is 
usually done by using an incremental procedure.  The load is applied step by step, and 
the actual structural response after each step is computed from the equilibrium 
equations.  Since these equilibrium equations are generally nonlinear, they are usually 
solved by iterative methods, for example, Newton-Raphson method.  This is done at 
the top (global) level of the whole analysis procedure compared the local level in 
which the constitutive equations are integrated.  This procedure of FEM is based on an 
iterative solution of a discretized version of the momentum balance equations.  The 
typical steps involved are as follows: 
1. The momentum equations are disretized and incremental motions are obtained.  The 
incremental strain history is then calculated by kinematic relationships. 
2. For a given incremental strain history, the state variables ( ), , ,p t cσ ε κ κ  are obtained 
by integration the local constitutive equations with given initial conditions.




3. The updated stresses are substituted into the discrete momentum balance equations, 
if not satisfied, the iterative process proceeds by returning to step 1. 
 
Steps 1 and 3 are performed at a global level by FEM.  However, step 2, forming the 
main task of this study, is called integration of constitutive equations and carried out at 
a local level.  In this study, a well-established commercial software-ABAQUS is used 
as the FEM platform and the proposed model is coded and incorporated as a user 
material subroutine of ABAQUS. 
 
For single surface plasticity, the algorithmic schemes of integration of constitutive 
equations started with the classical radial return algorithm proposed by Wilkins (1964). 
This early algorithm was largely restricted to 2J  flow theory and then extended to 
accommodate linear isotropic and kinematic hardening (Rice and Tracey, 1973).  In 
the latter, the formulations of elastic predictor and plastic corrector were developed 
and the name of  return mapping algorithm was adopted by researchers, as summarized 
by Krieg (1977).  More details of return mapping algorithm are given by Simo and 
Hughes (1998). 
 
Although the plasticity part of this model is non-smooth two-surface plasticity, the 
algorithmic treatment of multi-surface plasticity also follows the same ideas of the 
algorithm of single surface plasticity.  In this section, the nonlinear solution procedure 
for finite element method is first introduced and the return mapping algorithm for 
single surface plasticity and the details of non-smooth two-surface plasticity algorithm 
are presented.  The procedure of constitutive model programming in FORTRAN 
language is then explained. 




4.2 Nonlinear solution procedure for finite element method (FEM) 
The weak form of the linear momentum equation at time 1nt +  in a discrete system can 
be written as the nonlinear equation for displacement 1nu +  at time 1nt + : 
( ) ( )int ex1 1 0tn nF u F u+ +− =                                         (4.1) 




nF B dσ +Ω= Ω∫                                                  (4.2) 
where B is the strain-displacement matrix, such that 
1 1n nBuε + +=                                                         (4.3) 
The stress 1nσ +  is given by 
( )1 1 1,n n n nf Buσσ σ σ+ + += +                                         (4.4) 
Since fσ  is a highly nonlinear function, an iterative scheme such as Newton-Raphson 
method should be employed to solve equation (4.1).  This iteration at this level is 
called global iteration.  According to classical Newton-Raphson method, a residual Φ  
of equation (4.1) needs to be defined as: 
( ) ( )int ex1 1tn nF u F t+ +Φ = −                                         (4.5) 













 ΦΦ + = 
 
                                            (4.6) 
( ) ( )1
1 1
k k
n nu u uδ−+ += +                                                      (4.7) 




Φ is the 
tangent stiffness matrix K for the Newton-Raphson method, and has the form as 
follows: 



























 is the consistent tangent modulus (or Jacobian matrix) which is used 
instead of the continuum elasto-plastic tangent modulus to preserve quadratic 
convergence rate in the fully implicit backward Euler scheme during integration of 
constitutive equations (Simo and Taylor, 1985; Simo and Ju, 1987a; Belytschko, Liu et 
al., 2000).  To update stress from highly nonlinear equation (4.4), Newton-Raphson is 
also used. At this level of local iteration, computation of stress 1nσ + and the 










 is performed at each Gauss 
quadrature point (material point).  Such computation at the local level forms the main 
task of numerical solution procedure and is explained below. 
 
The algorithm to solve the equation (4.1) for displacement 1nu +  given an increment of 
the external load fore extF∆  is summarized in Box 4.1. 
Box 4.1 
1. Set ( )01n nu u+ =  for the 1
st
 iteration 
2. Update external forces: ( ) ( )ex ex ex1 1t t tn nF u F u F+ += + ∆  
3. Compute: ( )1 1
k
n nBuε + +=  
4. Compute: 1nσ +  
5. Compute internal forces: int 1
T
n
F B dσ +Ω= Ω∫  
6. Compute residuals of forces: ( ) ( )( ) ( )( )int ex1 1k k ktn nF u F u+ +Φ = −  




7. If ( )k ToleranceΦ ≤ then 1n nu u+ =  and the solution procedure for 1nu +  is 
completed. 
Else go to step 8. 












 ΦΦ + = 
 
 for uδ  
9. Update displacement: ( ) ( )11 1
k k
n nu u uδ−+ += +  
10. 1k k← +  and go to step 3 
 
 
4.3 Operator split 
The development of an efficient numerical algorithm for constitutive relation is as 
important as the formulation of plastic-damage model which has been presented in 
Section 3.1.  In this section and subsequent sections, numerical integration algorithm 
for the proposed plastic-damage model is presented. 
 
The proposed model is formulated by combination of CDM and classical plasticity.  
Correspondingly, the computational algorithm employs operator split method to 
decompose the constitutive relation in equation (3.5) into elastic, plastic and damage 
parts which are handled by, respectively, the elastic predictor, plastic corrector and 
damage corrector (Ju, 1989; Simo and Hughes, 1998; Lee and Fenves, 2001). 
 
Backward Euler return mapping scheme is normally adopted for the elastic predictor 
and plastic predictor since it is robust, accurate and unconditionally stable (Simo and 
Taylor, 1985; Simo and Hughes, 1998; Belytschko, Liu et al., 2000).  To preserve the 




quadratic convergent rate, the consistent tangent modulus is used instead of the 
classical elastoplastic tangent modulus (Simo and Taylor, 1985).  
 
From an algorithmic point of view, the purpose of a constitutive integration algorithm 
is to update basic variables { }, , , ,pt cd dσ ε κ in a way consistent with the constitutive 
model.  During this process, the strain history ε  is assumed to be given as the 
symmetric gradient of displacement 
( )1
2
Tsu u uε  = ∇ = ∇ + ∇
 
                                          (4.9) 
 The strain history is given by providing a series of strain increments (ABAQUS, 
2001b).  Constitutive equations given in Chapter 3 are solved incrementally over a 
sequence of time steps [ ]1,n nt t +  , 1,2,...n = .  with the initial condition: 
{ } { }, ,, , , , , , , ,
n
p p
t c n t n c n n nt t
d d d dσ ε κ σ ε κ
=
=                          (4.10) 
The algorithm is to compute { }1 , 1 , 1 1 1, , , ,pn t n c n n nd dσ ε κ+ + + + + and satisfies the plastic 
consistent condition: 
1 0nF + =                                                        (4.11) 
 
4.4 General return mapping algorithm for single-surface plasticity 
It is necessary to introduce return mapping algorithm of single-surface plasticity before 
the return mapping algorithm for multi-surface plasticity is derived, since the 
algorithmic treatment of multi-surface plasticity is an extension of  the return mapping 
algorithm of single-surface plasticity.  The return mapping algorithm includes stress 




updating and calculating of algorithmic modulus.  In the following sections, these two 
aspects will be presented in details. 
4.4.1 Stress update algorithm for single-surface plasticity 
The integration process is driven by the increment in total strain, which is achieved by 
providing a series of strain increments by ABAQUS (2001a).  Thus, the strain tensor is 
updated at Gauss points as 
1 1n n nε ε ε+ += + ∆                                                     (4.12) 
where ( )1 sn uε +∆ = ∇ ∆ is the total strain increment. 
In the elastic predictor, the plastic strain, hardening parameters and damage parameters 
are fixed and the elastic predictor is constructed with the initial conditions which are 















t n t n
trial

















                                        (4.13)         
where superscript ‘trial’ means elastic trial stage.  At this stage, it is assumed that no 
plastic process and damage occur, and material is elastic.  The trial elastic stress state 
which, if outside of the yield surface, is taken as the initial conditions for the plastic 
corrector.  The objective of the plastic corrector is then to ‘return’ the trial stress to the 
yield surface as shown in Figure 4.1. 
 
The rate form of the plastic part of the proposed model is given by: 





































Applying the implicit backward-Euler difference scheme to equation (4.14) with the 
initial conditions ( ), ,pn n nε ε κ , one obtains the nonlinear equations: 
1n nε ε ε+ = + ∆                                                     (4.15) 
( )1 1 1: pn n nCσ ε ε+ + += −                                             (4.16) 
1 1 1
p p
n n n nrε ε γ+ + += + ∆                                               (4.17) 
1 1 1n n nHκ γ+ + += ∆                                                (4.18) 
1 0nF + =                                                       (4.19) 
























                                           (4.20) 
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1 1
12, 1 1
kk p k p












   
− +     
= = + ∆     
+       
                         (4.21) 
( )1 1,n nf F σ κ+ +=                                                       (4.22) 
Linearization of equations (4.17), (4.18) and (4.19) with ( ) 1 1:p k nCε σ− += − ∆  gives: 
( ) ( ) ( ) ( ) ( ) ( )1
1, 1 1 1 1 1: 0
k k k k k k
n n n n nR C r rσ γ δγ−+ + + + ++ ∆ + ∆ ∆ + =                              (4.23) 




( ) ( ) ( ) ( ) ( ) ( )
2, 1 1 1 1 1 0
k k k k k k
n n n n n
R H Hκ γ δγ+ + + + +− ∆ + ∆ ∆ + =                               (4.24) 
    
( ) ( ) ( ) ( ) ( )
1 1: : 0
k k k k k
n nf F Fσ κσ κ+ ++ ∆ + ∆ =                                      (4.25) 
where  
( ) ( ) ( ) ( ) ( )





k k k k k
n n










∆ = ∆ + ∆
∆ = ∆ + ∆
                                         (4.26) 









From equations (4.23)  and (4.24), one can obtain: 




  = − −   ∆ 
                                      (4.27) 
in which  ( )







−  + ∆ ∆















The solution to equation (4.27) is: 
( ) ( ){ } ( ) ( ){ }k k k kA R A rσ δγ
κ
∆ 
   = − −     ∆ 
                              (4.28) 
Substituting this into equation (4.25) and solving for ( )kδγ , one obtains 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ){ } 1
k k k k
k n
k k k




                                          (4.29) 




 can be calculated, and the procedure proceeds as follows. 
( ) ( ) ( ) ( ) ( )1 1
1 1 1 1 :
p k p k p k p k k
n n n n Cε ε ε ε σ
+
−
+ + + += + ∆ = − ∆                              (4.30) 
( ) ( ) ( )1
1 1 1
k k k
n n nκ κ κ
+
+ + += + ∆                                               (4.31) 
( ) ( ) ( )1
1 1 1
k k k
n n nγ γ δγ++ + +∆ = ∆ +                                             (4.32) 




The iteration continues until convergence is achieved within a sufficiently small 
tolerance. 
 
4.4.2 Algorithmic modulus for single-surface plasticity 












                                                    (4.33) 
By differentiating the equations (4.16), (4.17), (4.18) and (4.19), we can obtain 
   ( )1 1 1: pn n nd C d dσ ε ε+ + += −                                (4.34) 
( )1 1 1pn n nd d r drε γ γ+ + += ∆ + ∆                                    (4.35) 
( )1 1 1n n nd d H dHκ γ γ+ + += ∆ + ∆                                  (4.36) 








dr r d r d









                                       (4.38) 
Substituting equation (4.35) into equation (4.34), using equation (4.38) and solving for 
1ndσ +  and 1ndκ + , we obtain 















   
= − ∆   
  
                       (4.39) 
where 
( )







−  + ∆ ∆
  =    ∆ − + ∆ 
                                 (4.40) 
Substituting equation (4.39) into equation (4.37) and solving for d γ∆  gives: 



























                                        (4.41) 
Using this result and from equation (4.39), we obtain 
[ ] { }( ) ( ){ }
1 1 1 11 1
1




n n n nn n
n
n n n n
A r F Ad d
R A
d F A r
σ ε
κ
+ + + ++ +
+
+ + + +
 ⊗ ∂   
= = −    ∂      
             (4.42) 






















                                          (4.43) 
where n  is the size of the stress σ  tensor . 









, we can differentiate equation (3.10): 
( )1 1 1 1 11n n n n nd D d dDσ σ σ⋅+ + + + += − − ⋅                              (4.44) 









is exceedingly laborious for 
complicated plastic-damage models (Lubliner, Oliver et al., 1989; Lee and Fenves, 
1998; Simo and Hughes, 1998).  However, the accuracy of definition of the material 
Jacobian matrix only affects the convergence rate and the results are unaffected.  
Therefore, an approximate material Jacobain matrix can be used at a slower 
convergence rate instead of the correct material Jacobain matrix (Blaheta, 1997; 









   
= −   
   
                                  (4.45) 




4.5 Return mapping algorithm for two-surface plasticity 
The constitutive integration algorithm for single yield surface has been widely studied 
and well established (Crisfield, 1991; Simo and Hughes, 1998).  Theoretically, the 
constitutive integration algorithm for multi-surface plasticity is similar to that for 
single yield surface except the algorithmic treatment of plastic loading by the trial 
elastic state which will be explained later.  Early work goes back to those fundamental 
work done by Koiter  (1960) and Mandel (1964; 1965).  Many researchers employed 
convex analysis to formulate the plasticity and encompass the constitutive integration 
algorithm for single yield surface a special case (Moreau, 1977; Suquet, 1981; Teman, 
1985).  In this study, the computational algorithm is similar to that proposed by Simo 
and Hughes  (1998). 
 
It is noted that the algorithm herein requires treatment of multi-surface plasticity 
(combination of two Drucker-Prager surfaces) instead of single-surface plasticity (e.g. 
as in the case of Von Mises model).  The main difference lies in the algorithmic 
treatment of plastic loading by the trial elastic state.  Unlike the implementation of 
loading/unloading conditions for single-surface plasticity, this work for multi-surface 
plasticity is slightly different from that for single surface plasticity and an iterative 
procedure is needed (Simo and Hughes, 1998).  As usual in single surface plasticity, 
the elastic response is characterized by the equation: 
( ): pCσ ε ε= −                                                   (4.46) 
The characterization of the elastic domain Eσ  (as shown in Figure 3.4) for two-surface 
plasticity is considerably different from above and is defined as 
( ) ( ){ }, , , , 0, for 1,2t c t cE Fσ βσ κ κ σ κ κ β= ≤ =                           (4.47) 




Accordingly, the boundary Eσ∂ of Eσ is 
( ) ( ){ }, , , , 0, for 1,2t c t cE Fσ βσ κ κ σ κ κ β∂ = = =                           (4.48) 
consisting of two smooth yield surfaces 1F and 2F which intersect non-smoothly.  
Singular points or ‘corners’ are presented in the boundary of the elastic domain.  
Therefore, the evolution of plastic strain is governed by the following flow rule, 
Koiter’s rule  (Koiter, 1953; Naghdi, 1960; Mandel, 1965): 
( )2 , ,p t cFα σ α
α
ε γ σ κ κ= ∂∑&                                          (4.49) 
Application of an implicit backward Euler scheme to the evolutionary equations 
summarized in Box 3.1 results in the following nonlinear equations for the unknowns 
state ( )1 1 1, ,pn n nε ε κ+ + +  given the set ( ), ,pn n nε ε κ  at time step n  as the initial conditions: 
1n nε ε ε+ = + ∆                                                        (4.50) 
( )1 1 1: pn n nCσ ε ε+ + += −                                                 (4.51) 








ε ε γ σ κ+ + + +
=










=∑                                                         (4.53) 
( )1 1, 0n nF σ κ+ + =                                                     (4.54) 



























                                      (4.55) 
The trial state is obtained by fixing plastic flow in the interval [ ]1,n nt t + : 









, , 1 , ,
, 1 1 1
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                                     (4.56) 
Whether plastic loading or elastic response occurs in the time interval [ ]1,n nt t +  is 
determined by the following conditions. 
, 1
, 1
0 for 1 and 2                       elastic step














> = = = →
 
As in single surface plasticity, if only one yield surface is active (i.e. 1 or 2β β= = ), 
then the condition 
, 1 0
trial
nFβ + >  implies that 1 0n
βγ +∆ > .  This means the α -yield surface is 
active and this agrees with the conclusion drawn in the single surface plasticity.  
However, if both of these two yield surfaces are active, then the condition 
, 1 0
trial
nFβ + >  
does not necessarily mean 1 0n
βγ +∆ > .  In other words, it is possible that , 1 0trialnFβ + >  and 
at the same time, 1 0n
βγ +∆ < .  In Figure 4.2, the whole region is divided into four parts 
and their corresponding stress states are: 






1, 1 2, 1 1 1
1 2
1 1
: 0 & 0
0, 0 : 0 & 0
: 0 & 0
n n
trial trial









+ + + +
+ +
 ∆ > ∆ <

> > ∆ > ∆ >
 ∆ < ∆ >
 
 (3) 1, 1 0trialnF + > , 2, 1 0trialnF + <  
 (4) 1, 1 0trialnF + < , 2, 1 0trialnF + >  
 




If the trial stress lies in Region (2) which is divided into three sub-regions: A, B, C 
according to the conditions shown above, an iterative procedure is needed to determine 
the set of active constraints defined as actJ  from an initial set of trial constraints 
defined as 
{ }{ }, 11, 2 0trial trialact nJ Fββ += ∈ >                                      (4.57) 
Obviously, trialact actJ J⊆ .  At each iteration, a new set of active constraints are obtained, 
denoted by ( )k
actJ  .  The iteration follows the procedure proposed by Simo and Hughes 
(1998): 
1. Compute plastic consistent parameters 2 1n
βγ +∆  for 1,  2β =  by solving the 
linearized return mapping algorithm. 
2. Let 21 1 1n n n
β β βγ γ γ+ + +∆ = ∆ + ∆ . If 1 0nβγ +∆ < (for ( )kactJβ ∈ , the β -constraint is 
dropped from ( )k
actJ , and restart the iteration. Otherwise, set 1 1n n
β βγ γ+ +∆ = ∆  and 
proceed to next iteration. 
The Newton-Raphson method is used to solve the non-linear equations.  The residuals 





n n n na r
β β
β
ε ε γ+ + +
=




n n n nb H
β β
β
κ κ γ+ + +
=
= − + + ∆∑                                 (4.59) 





















 ∆ ∆ =  
∆  
. 
Linearization of equations (4.58), (4.59) and (4.60) gives 



















σ κ γ δγ
σ κ γ
 ∂ ∂ ∂
 ∂ ∂ ∂∆    ∆ 
   ∂ ∂ ∂   
+ ∆ =    ∂ ∂ ∂∆          ∂ ∂ ∂
 ∂ ∂ ∂∆ 
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σ κ
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  ∂ ∂ ∂ + ∆ ∆  ∂ ∂ ∂∆   
  ∂ ∂ ∂
= = ∆ − + ∆  ∂ ∂ ∂∆   
  ∂ ∂ ∂
  ∂ ∂ ∂∆   
∑ ∑ ∑
∑ ∑ ∑   
is the Hessian matrix for the Newton-Raphson method and k is the iteration step. 









From the first two equations of equations (4.61), one obtains 
( ) ( ){ } ( ){ }1k k kA R rσ δγ
κ
− ∆ 
  = − −   ∆ 













β β β β
σ κ
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+ ∆ ∆ 
   =   


































β  = = 
  
                                         (4.65) 
Solving these equations gives 




( ) ( ){ } ( ) ( ){ }2 ,
1





∆   
   = − −      ∆   
∑                              (4.66) 
Equation (4.61)-3 can be rewritten as 
( ) ( ) ( ) ( ) ( )





k k k k k







 + ∆ + ∆ =

+ ∆ + ∆ =
                                   (4.67) 
Substituting equation (4.66) into equation (4.67) leads to 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )
( ) ( )
1, 1, 1, 2, 1
1 1,
22, 1, 2, 2,
2 2,
: : : :
: : : :
k kk k k k
k k k k k k
F F A Rr A r r A r





   −    
=     
  −       
                 (4.68) 
Solving these equations gives: 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )
( ) ( )
11, 1, 1, 2,1
1 1,
2 2, 1, 2, 2,
2 2,
: : : :
: : : :
k kk k k k
k k k k k k
F F A Rr A r r A r






   −    
=     
  −        














 can be calculated from equations (4.62).  Thus, the 
update of the plastic strain, hardening parameters and the plastic consistent parameters 
is: 
( ) ( ) ( ) ( ) ( )1 1
1 1 1 1 :
p k p k p k p k k
n n n n Cε ε ε ε σ
+
−
+ + + += + ∆ = − ∆                         (4.70) 
( ) ( ) ( )1
1 1 1
k k k
n n nκ κ κ
+
+ + += + ∆                                             (4.71) 
( ) ( ) ( )1
1 1 1
k k k
n n nγ γ δγ++ + +∆ = ∆ +                                           (4.72) 
The iteration continues until the convergence conditions are satisfied within a tolerance. 
 









1. Set initial values: 1 1 1 1, , , 0, 1,2
trial p p
n n n n n n
βσ σ κ κ ε ε γ β+ + + += = = ∆ = =  
2. Compute elastic predictor: 
( )
1 1




















nFβ + ≤  for 1 and 2β =  then: 
Set ( ) ( )1 1. . trialn n+ +=  and exit. 
Else: 


























4. Calculate the residuals: 






























  ∂ − +   
= + ∆   ∂ 
− +    
∑  
5. Check convergence: 
If ( )1 1
k
nF TOL+ ≤  for all 
( )k




nR TOL+ < , then 
Exit 
Endif 
6. Compute increment in plasticity parameter: 




( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )
( ) ( )
11, 1, 1, 2,1
1 1,
2 2, 1, 2, 2,
2 2,
: : : :
: : : :
k kk k k k
k k k k k k
F F A Rr A r r A r






   −    
=     
  −        
 
( ) ( ) ( )1k k kβ β βγ γ δγ+∆ = ∆ +  
IF: ( )1 0kβγ +∆ < , ( )kactJβ ∈ , THEN: 
Update ( ) ( ) ( ){ }1 1 0k k kact actJ J ββ γ+ += ∈ ∆ >  
Goto 4 
ENDIF 
7. Obtain incremental effective stress, hardening parameters and plastic strains: 
( )
( )





n k k k
n n nk
n







 ∆   
= − −   
∆    
∑  





+ +∆ = − ∆  
8. Update the plastic strains, hardening parameters and plastic consistent 
parameters: 
( ) ( ) ( )1
1 1 1
p k p k p k
n n nε ε ε
+
+ + += + ∆  
( ) ( ) ( )1
1 1 1
k k k
n n nκ κ κ
+
+ + += + ∆  
( ) ( ) ( )1
1 1 1
k k k
n n nγ γ δγ++ + +∆ = ∆ +  
      Set 1k k← +  and goto 4. 
 
4.6 Damage corrector 
Once the effective stress σ  is computed in the elastic predictor/plastic corrector steps, 
the damage parameter is then calculated from equation (3.10): 
 ( )( )1 , 1 , 11 1 1n t n c nD d d+ + += − − −                                (4.73) 




   
and the stress is updated as: 
 ( )1 1 11n n nDσ σ+ + += −                                     (4.74) 
  
4.7 Algorithmic modulus 
The algorithmic modulus can be obtained by the same way as described in single-
surface plasticity, and equation (4.42) is modified for the multi-surface plasticity as: 
 [ ]
{ }( ) ( )
{ }( )
2 2
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d d
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    
⊗ ∂    
       


























                                        (4.76) 









, we can differentiate equation (3.5): 
 ( )1d D d dDσ σ σ= − − ⋅                                    (4.77) 
From equation (3.10) , dD  can be obtained as 
( )( ) ( )( )1 1t c c tdD d d d d d d= − + −                            (4.78) 
where  









=                                         (4.79) 









=                                        (4.80) 













 can be obtained from 
the compressive and tensile pdσ ε−  curves , respectively. 
From equations (4.78), (4.79) and (4.80), one can obtain 




d d d dd ddD d d d
d d d d
ε ε
σ
ε σ ε σ
 
= − + − 
 
                        (4.81) 
From equation (4.77), we have 




d d d dd dd D I d d d
d d d d
ε ε
σ σ σ
ε σ ε σ
  
= − − − + −   
  
           (4.82) 









is then obtained: 






d d d dd d d dD I d d
d d d d d d
σ ε ε σ
σ
ε ε σ ε σ ε
+ +     
= − − − + −           
  (4.83) 










in equation (4.83) is exceedingly difficult, the following 










   
= −   
   
                                     (4.84) 
 
4.8 Incorporation of viscoplasticity 
The algorithm presented previously may suffer from non-convergence due to strain 
softening.  In this study, when this happens, viscoplastic regularization is used to 
obtain unique solutions, not to achieve a real rate-dependent plasticity.  In this way, 




one artificial viscosity parameter is introduced in the model to achieve unique 
solutions.  In this section, by following the procedure proposed by Simo and Hughes 
(1998), the numerical treatment of the viscoplasticity is given.  After computing 
( )1 1,n nσ κ+ +  in the previous sections, the viscoplastic solution ( )1 1,n nσ κ+ + can be 
obtained by the formulas: 





σ η σ η σ ε
η+ + +
− −∆
= −∆ + − −∆ + ∆
∆
       (4.85) 
( ) [ ]1 1exp / 1 exp( / )n n nt tκ η κ η κ+ += −∆ + − −∆                           (4.86) 
where η  is the viscosity parameter and t∆  is the time increment. Usually, 0.1 is 
adopted as the value of the ratio of  /t η∆  to obtain a convergent solution.  So far, the 
two tasks of the algorithm: stress update and algorithmic modulus at each integration 
point have been completed. 
 
4.9 Finite element implementation  
To implement and verify the proposed model, a well-established commercial finite 
element software, ABAQUS, is used to study the behaviour of concrete under different 
loadings.  The versatility of ABAQUS allows user to customize the analysis for 
different problems.  It allows users to add user material subroutine (UMAT), through 
which user can formulate and implement new constitutive model for material with 
complicated stress-strain relations.  The section begins with a description of Voigt 
notation, which is a way to represent a symmetric tensor by reducing its order, and 
thus is convenient for coding.  Then the user material subroutine for implementing the 
proposed model is presented.  
 




4.9.1 Voigt notation 
In the finite element implementation, symmetric second-order tensors are usually 
converted to column matrices in order to save storage memory and improve 
computational efficiency.  Conversion of higher-order tensors to column matrices is 
called Voigt notation.  The procedure for converting symmetric second-order tensors 
to column matrices is called Voigt rule (Belytschko, Liu et al., 2000).  For example, in 
ABAQUS (2001a), the Voigt form of stress tensor is that they are ordered as follows: 
1σ = 11σ  (Direct stress in the 1-direction) 
2σ = 22σ (Direct stress in the 2-direction) 
3σ = 33σ (Direct stress in the 3-direction) 
4σ = 12σ (Shear stress in the 1-2 plane) 
5σ = 13σ (Shear stress in the 1-3 plane) 
6σ = 23σ (Shear stress in the 2-3 plane) 
 
4.9.1.1 Kinetic Voigt rule 
The Voigt rule depends on whether a tensor is a kinetic quantity, such as a stress, or a 
kinematic quantity, such as a strain.  The Voigt rule for kinetic tensor (such as the 
symmetric tensorσ ) is: 
Tensor →Voigt 
          2-D: { } { }11 12 11 22 12 1 2 3
21 22
 
, , , ,
 
T Tσ σ
σ σ σ σ σ σ σ
σ σ
 
= → = 
 
                (4.87) 
3-D: { } { }
11 12 13
21 22 23 11 22 33 12 13 23 1 2 3 4 5 6
31 32 33
  








= → = 
  
    (4.88) 




The correspondence between the indices of the second-order tensor and the indices of 
the column matrix is given in Table 4.1 (2-D) and Table 4.2 (3-D).  Any tensor or 
matrix converted by the Voigt rule is called Voigt form, and is enclosed by brackets as 
shown above. 
4.9.1.2 Kinematic Voigt rule 
The Voigt rule for kinematic tensor, such as the symmetric strain tensor ijε  is also 
given in Table 4.1 and Table 4.2.  However, the shear strains are multiplied by 2. 
Therefore, the Voigt rule for the strains is: 
Tensor →Voigt 
2-D: { } { }11 12 11 22 12 1 2 3
21 22
 
, , , ,
 
T Tε ε
ε ε ε ε ε ε ε
ε ε
 
= → = 
 
                      (4.89) 
3-D: { } { }
11 12 13
21 22 23 11 22 33 12 13 23 1 2 3 4 5 6
31 32 33
  








= → = 
  
 (4.90) 
The factor of 2 comes from the requirement that the expressions for the energy be 
equivalent in Voigt and indicial notation.  It is obvious that the strains in Voigt 
notation are the engineering shear strains. 
 
4.9.1.3 Voigt rule applied to higher-order tensors 
In the programming for the proposed model, there are fourth-order tensors.  The Voigt 
rule is very useful for converting fourth-order tensors to second-order matrices.  The 
Hook’s law can be expressed by the fourth-order tensor ijklC  in indicial notation: 
ij ijkl klCσ ε=                                                          (4.91) 
Or in tensor notation: 




:Cσ ε=                                                            (4.92) 
The Voigt form for the Hook’s law is: 
{ } [ ]{ }  or a ab bC Cσ ε σ ε= =                                              (4.93) 
where a ij← andb kl←  as in Table 4.1 for 2-D and Table 4.2 for 3-D. 
The Voigt matrix form of the elastic constitutive matrix in plane strain is : 
11 12 13 1111 11122 1112
21 22 23 2211 2222 2212
31 32 33 1211 1222 1212
C C C C C C
C C C C C C C
C C C C C C
   
   
= =   
      
                                  (4.94) 
The first matrix refers to the elastic coefficients in Voigt notation, the second in tensor 
notation. The number of subscripts specifies whether the matrix is expressed in Voigt 
or tensor notation.  Similarly, the Voigt matrix form of the elastic constitutive matrix 
for 3-D is: 
11 12 13 14 15 16 1111 1122 1133 1112 1113 1123
21 22 23 24 25 26 2211 2222 2233 2212 2213 2223
31 32 33 34 35 36 3311 332
41 42 43 44 45 46
51 52 53 54 55 56
61 62 63 64 65 66
C C C C C C C C C C C C
C C C C C C C C C C C C
C C C C C C C C
C
C C C C C C
C C C C C C










2 3333 3312 3313 3323
1211 1222 1233 1212 1213 1223
1311 1322 1333 1312 1313 1323
2311 2322 2333 2312 2313 2323
C C C C
C C C C C C
C C C C C C












The similar Voigt rule can be applied to other fourth-order tensor. 
 
 4.9.2 User material subroutine 
With the plastic-damage constitutive model and its algorithm at hand, the next step is 
to implement the constitutive model equations into the commercial finite element code 
ABAQUS.  ABAQUS provides a useful user subroutine interface called user material 
subroutine (UMAT) that allows user to define complex or novel constitutive models 




that are not available with the built-in ABAQUS material models.  UMATs are written 
in FORTRAN code, and these FORTRAN subroutines are linked, compiled, and used 
by ABAQUS in the finite element analysis.  There are many utility routines which can 
assist in coding.  For example, SINV determines the first and second stress invariants 
for a given stress tensor and SPRINC determines the principal values for a given stress 
or strain tensors.  Appropriate unitization of these built-in routines can extremely 
reduce the coding work and increase the efficiency of UMAT. 
 
UMAT can use solution-dependent state variables and these state variables correspond 
to the plastic strains, the hardening parameters tκ , cκ and damage variables for this 
study.  UMAT has to perform two functions (ABAQUS, 2001a): (a) it updates the 
stress and solution-dependent state variables to their values at the end of the increment 
for which it is called and (b) it provides the material Jacobian matrix (consistent 










 to formulate the tangent stiffness matrix of 
ABAQUS.  This matrix depends on the integration scheme used if the constitutive 
model is in rate form and is integrated numerically in the subroutine.  The accuracy 
with which the Jacobian matrix is defined will usually be a major factor to determine 
the convergence rate of the solution and, therefore, the accuracy of the Jacobian matrix 
will have a strong influence on the computational efficiency.  
 
The transformation of the constitutive rate equations into the incremental equations 
need a suitable integration procedure, for example, forward Euler (explicit integration), 
backward Euler (implicit integration), and midpoint method.  It is noted that forward 
Euler integration methods are simple but have stability limit (Bathe, 1996): the time 




step size t∆  must be smaller than a critical time step crt∆ .  In UMAT, for forward 
Euler integration method, the stability limit is (ABAQUS, 2001b): 
stabε ε∆ < ∆                                                      (4.96) 
where ε∆  is the strain increment and stabε∆  is the stability limit, usually less than the 
elastic strain magnitude.  Therefore, for forward Euler integration method the time 
increment must be controlled.  For Backward Euler or midpoint integration, the 
algorithm is more complicated and often requires local iterations.  However, they are 
usually unconditionally stable and are appropriate for the constitutive equation 
integration (ABAQUS, 2001b).  In this study, Backward Euler integration scheme is 
employed in the UMAT coding. 
 
Three types of solid continuum elements were employed to perform all the finite 
element analysis in this study: plain strain element, axisymmetric element and 3-D 
solid element.  It is noted that different element type has different components of stress 
and strain, and different linear elastic stress-strain relations.  Since this information is 
very important in the UMAT programming, such features of these three types of 
elements will be described in the following. 
 
In general, the linear elastic stress-strain relation can be written in the matrix form as: 
{ } [ ]{ }Cσ ε=                                                     (4.97) 
where the vectors { }σ  and { }ε are the stress and strain components respectively, and 
[ ]C  is the elastic moduli matrix.  In the following, matrix forms are given for these 
three various elements. 
For 3-D solid element: 



















   
   
   
      
= =   
   
   
   
      
                                                (4.98) 
 
 
1σ  XY, direct stress. 1ε  XY, direct stress. 
2σ  YY, direct stress. 2ε  YY, direct stress. 
3σ  ZZ, direct stress. 3ε  ZZ, direct stress. 
4σ  XY, shear stress. 4ε  XY, shear stress. 
5σ  XZ, shear stress. 5ε  XZ, shear stress. 
6σ  YZ, shear stress. 6ε  YZ, shear stress. 
 







1 0 0 0
1 0 0 0
1 0 0 0
1 2
0 0 0 0 0
21 1 2
1 2
0 0 0 0 0
2
1 2
























    (4.99) 
where E  is the Young’s modulus, and ν  is the Poisson’s ratio. 
 
For plain stress element: 




It can be shown that equations (4.98) and (4.99), when reduced to the two dimensional 
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For axisymmetric stress element: 
Usually, axisymmetric elements are used in modeling bodies of revolution under 
axially symmetric loading conditions.  In this study, the axismmetric elements are 
employed to model the uniaxial concrete cylinder specimens under axial loading.  The 
body is generated by revolving a plane cross-section about the symmetry axis.  The 
element is described in cylindrical polar coordinates r , z  and θ .  The typical 
reference cross-section at 0θ =  and an element of an axisymmetric body are shown in 
Figure 4.3, where i , j , k and l  are the node numbers.  The stress and strain 
components are as follows: 
1σ  Stress in the radial direction- r  1ε  Strain in the radial direction- r  
2σ  Stress in the axial direction- z  2ε  Strain in the axial direction- z  
3σ  Hoop direct stress (direction-θ ) 3ε  Hoop direct strain (direction-θ ) 
4σ  Shear stress in r z− plane 4ε  Shear strain in r z− plane 
 
The equations (4.98) and (4.99) are then reduced to: 














   
   
   
=   
   
      
                                                 (4.101) 


























The flow chart of user material subroutine is shown in Figure 4.4 and the user material 




































Table 4.1 2-D Voigt Rule 
,ij ijσ ε  ,a aσ ε  
i  j  a  
1 1 1 
2 2 2 





Table 4.2 3-D Voigt Rule 
,ij ijσ ε  ,a aσ ε  
i  j  a  
1 1 1 
2 2 2 
3 3 3 
1 2 4 
1 3 5 










Figure 4.1 A geometric interpretation of return-mapping algorithm in effective stress 
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Figure 4.3 Reference cross section and the element in an axisymmetric solid element 





Figure 4.4 Flow chart of material subroutine 
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Calculate: ( )( )1 , 1 , 11 1 1n t n c nD d d+ + += − − −  
Update stress: ( ) ( ) ( )1 11 11k kn nDσ σ+ ++ += −  
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